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Disclaimer
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the unusual combination of being an organizer 
and at same time giving the (theory) summary talk 

is accidental

summary = report on main message from each of previous talks
                   but unavoidably filtered through my perspective

apologies for every missing/wrong citation



λq=-½

1.  address the q distribution (in N, N, ...)
2.  explore the partonic structure of  π
3.  leading order (LO) is simple:    
         higher orders “easier” and under control
4.  relevant for precision tests (W) and for Higgs searches 

Drell-Yan arguably is theoretically best explored process in  
hadronic scattering:  

• probe of partonic structure of hadrons: 
    anti-quarks, valence distribution of pion, … 

•  many techniques relevant for 

•  LO is color-singlet annihilation 

! higher-order computations “easier”       

! higher-orders under control 

•  interface of QCD and QED/el.weak interactions: 
    precision probes (e.g. W-mass at Tevatron) 

•  important spin phenomena 

Drell-Yan is important for several good reasons :
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also use TMDs in low-x DY



another good reason...
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The DY cross section contains 48 structure functions [Arnold, Metz & Schlegel 2009]

d6σ

d4q dΩ
=

α2
em

6sQ2

{[

(1 + cos2 θ) W 1
UU + sin2 θ W 2

UU + sin 2θ cos φ W cos φ
UU

+ sin2 θ cos 2φ W cos 2φ
UU

]

+S1T

[

sin φS1

(

(1 + cos2 θ) W 1
T U + sin2 θ W 2

T U + sin 2θ cos φ W cos φ
T U

+ sin2 θ cos 2φ W cos 2φ
T U

)

+ cos φS1 (sin 2θ sin φ W sin φ
T U

+ sin2 θ sin 2φ W sin 2φ
T U

)
]

+ (1 ↔ 2, T ↔ U)

+S1T S2T

[

cos(φS1 + φS2 )
(

(1 + cos2 θ) W 1
T T + sin2 θ W 2

T T

+ sin 2θ cos φ W cos φ
T T

+ sin2 θ cos 2φ W cos 2φ
T T

)

+ cos(φS1 − φS2 )
(

(1 + cos2 θ) W
1
T T + sin2 θ W

2
T T + sin 2θ cos φ W

cos φ

T T + sin2 θ cos 2φ W
cos 2φ

T T

)

+ sin(φS1 + φS2 ) (sin 2θ sin φ W sin φ
T T + sin2 θ sin 2φ W sin 2φ

T T )

+ sin(φS1 − φS2 ) (sin 2θ sin φ W
sin φ

T T + sin2 θ sin 2φ W
sin 2φ

T T )
]

+ . . .
}

.

Integrating upon qT only three structure functions survive:

W 1
UU , W 1

LL and W
cos(2φ−φS1

−φS2
)

T T ≡ 1
2 (W sin 2φ

T T + W cos 2φ
T T )

24 structure functions appear at leading twist

from  Barone’s talk

a lot of interesting spin phenomena

Lam-Tung violation

Lam-Tung violation



most interesting “physics cases” 
in hadronic spin physics 

involve DY measurements :
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1.  double  transversely  polarized  DY (DY↑↑) 

Trento 2012 DY Phenomenology 12

Double transverse asymmetry:

ADY
T T =

dσ↑↑ − dσ↑↓

dσ↑↑ + dσ↑↓

At leading order (qq̄ annihilation):

ADY
T T = aT T

∑

q
e2
q h1q(x1, Q2) h̄1q(x2, Q2) + [1 ↔ 2]

∑

q
e2
q f1q(x1, Q2) f̄1q(x2, Q2) + [1 ↔ 2]

The asymmetry is completely determined by the transversity of quarks and antiquarks
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Double transverse asymmetry:

ADY
T T =

dσ↑↑ − dσ↑↓

dσ↑↑ + dσ↑↓

At leading order (qq̄ annihilation):

ADY
T T = aT T

∑

q
e2
q h1q(x1, Q2) h̄1q(x2, Q2) + [1 ↔ 2]

∑

q
e2
q f1q(x1, Q2) f̄1q(x2, Q2) + [1 ↔ 2]

The asymmetry is completely determined by the transversity of quarks and antiquarks

collinear,  LO, leading twist     
cleanest access to transversity  (Ralston-Soper ’79)

Numerical predictions:   ATT ~ 2-3%  at RHIC  (too low x)

                                                   ~ 20-30%  at PAX (but for M<MJ/ψ)
                                                   ~ 10-20%  at  J-Parc

from  Barone’s talk



most interesting “physics cases”  cont’ed
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2.  violation of Lam-Tung sum rule   1-λ= 2ν

Trento 2012 DY Phenomenology 20

Unpolarized DY cross section

d6σUU

d4q dΩ
=

α2
em

6sQ2

{

(1 + cos2 θ) W 1
UU + sin2 θ W 2

UU

+ sin 2θ cos φ W cos φ
UU + sin2 θ cos 2φ W cos 2φ

UU

}

Another common parametrization of the angular distribution of dileptons

1

Ntot

dN

dΩ
=

3

4π

1

λ + 3

(

1 + λ cos2 θ + µ sin 2θ cos φ +
ν

2
sin2 θ cos 2φ

)

with the correspondence

λ =
W 1

UU − W 2
UU

W 1
UU

+ W 2
UU

, µ =
W cos φ

UU

W 1
UU

+ W 2
UU

, ν =
2 W cos 2φ

UU

W 1
UU

+ W 2
UU

The Lam-Tung relation λ + 2ν = 1, corresponding to W 2
UU = 2W cos 2φ

UU , is valid in

collinear QCD at order αs and slightly violated at order α2
s

unpol. DY cross section
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The Lam-Tung relation λ + 2ν = 1, corresponding to W 2
UU = 2W cos 2φ

UU , is valid in

collinear QCD at order αs and slightly violated at order α2
s

                          pQCD
2ν -(1-λ)= 0        LO
                > 0       NLO~

from Bacchetta’s talk

Violation of Lam-Tung relation

1− λ = 2ν

May be a better way to study Boer-Mulders function,  
since pQCD contributions may cancel

talk by P. Reimer at DY@BNL workshop

51

Tuesday, 22 May 2012
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from Bacchetta’s talk

new  pT-dep. 
non-pert. effect

Violation of Lam-Tung relation

1− λ = 2ν

May be a better way to study Boer-Mulders function,  
since pQCD contributions may cancel

talk by P. Reimer at DY@BNL workshop

51

Tuesday, 22 May 2012



most interesting “physics cases” cont’ed
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3.  structure of interaction between colored objects dictated by 
      gauge invariance (Wilson lines)  
   →  predict sign change of T-odd operators from SIDIS to DY
      Ex. : the Sivers effect and process dependence of  f1T⊥ 

16
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from Prokudin’s talk



DY and pert. QCD:  1. collinear factorization, 
! ! ! ! ! ! ! ! scale/energy dependence 
! ! ! ! ! ! ! ! of cross section, and all that..
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hard scale  Q 

universal pdfs 

fact./ren. scale 

µ+ 
µ- 

(up to power corrections 1/Q2) 

partonic hard scatt. 
perturbative QCD 

hard scale Q  = inv. mass of  μ+μ-
hard scale  Q 

universal pdfs 

fact./ren. scale 

µ+ 
µ- 

(up to power corrections 1/Q2) 

partonic hard scatt. 
perturbative QCD 

+ o(1/Q2)

from Vogelsang’s talk
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Unpol. 

NLO 

NNLO 

Long. pol. Trans. pol. 

Kubar et al. 
Altarelli, Ellis,Martinelli 
Harada et al. 

Hamberg, van Neerven,  
Matsuura 
Harlander, Kilgore 
Anastasiou, Dixon,  
Melnikov, Petriello 
Catani, Cieri, Ferrera, 
de Florian, Grazzini 

Ratcliffe 
Weber 
Gehrmann 
Kamal 
de Florian, WV 

Smith, v.Neerven, 
Ravindran  

Weber, WV 
WV  
Contogouris et al. 
Barone et al. 

from Vogelsang’s talk



DY and pert. QCD:  1. collinear factorization... cont’ed
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from Vogelsang’s talk

LO: 

Collinear singularity 
!  factorization into PDFs  
!  scheme dependence 

NLO: 

Real + Virtual:  IR singularities cancel     

• DGLAP evolution: 

Ahmed,Ross 
Altarelli,Parisi,… 

Curci, Furmanski, 
Petronzio 
Antoniadis,Kounnas, 
Lacaze 
Mertig, van Neerven 
WV 
Kumano et al. 
Koike et al. 
WV 

Moch,Vermaseren,  
Vogt, Rogal 



14from Vogelsang’s    and   Peng’s  talk

scaling violations 
    in DY at NLO 

(M.Aicher) 

6 6 

Complimentality between DIS and Drell-Yan 

Both DIS and Drell-Yan process are tools to probe the quark 
and antiquark structure in hadrons (factorization, universality) 

DIS Drell-Yan 

Ann.Rev.Nucl. 
Part. Sci. 49 
(1999) 217 

NLO and NNLO calc. reduce fact. scale uncertainty
NLO calc. already very successful

DY and pert. QCD:  1. collinear factorization... cont’ed

DIS DY
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hard scale  Q 

universal pdfs 

fact./ren. scale 

µ+ 
µ- 

(up to power corrections 1/Q2) 

partonic hard scatt. 
perturbative QCD 

• NLO correction: 

• for  z ! 1  real radiation inhibited 

“threshold logarithms” 

• higher orders: 

.!.!.!

• NLO correction: 

• for  z ! 1  real radiation inhibited 

“threshold logarithms” 

• higher orders: 

.!.!.!

LO : 
threshold (z→1) log’s
large, may spoil
the pert. series unless 
resummed to all orders

DY and pert. QCD:  1. collinear factorization... cont’ed
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.!.!.!

• NLO correction: 

• for  z ! 1  real radiation inhibited 

“threshold logarithms” 

• higher orders: 

.!.!.!

LO : 

Fixed order  

NNLO 

NLO Resum
m

ation 
LL NLL 

·!·!·! ·!·!·!

LO 

threshold (z→1) log’s
large, may spoil
the pert. series unless 
resummed to all orders

DY and pert. QCD:  1. collinear factorization... cont’ed



17from Vogelsang’s talk

- enhance cross section      
   improve on NLO      - reduce fact. scale  
                                        uncertainty                 - get expected
                                                                                  x v π(x,Q0

2) → (1-x)2

                                                                                           Q0
2=1 GeV2

x→1

threshold log’s (NLL)

DY and pert. QCD:  1. collinear factorization... cont’ed
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hard scale  Q 

universal pdfs 

fact./ren. scale 

µ+ 
µ- 

(up to power corrections 1/Q2) 

partonic hard scatt. 
perturbative QCD 

qT ≠ 0

DY and pert. QCD:  2. “non-collinear” lepton pairs
                                           ( qT ≠ 0  measured )
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"QCD 
TMD 

qT ~ Q  coll.fact. 

PDF 

well-known feature: emergence  of  
Sudakov logarithms  

gluon radiation creates 
transverse momenta
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well-known feature: emergence  of  
Sudakov logarithms  

gluon radiation creates 
transverse momenta

emergence of  Sudakov log’s 
at  qT2 << Q2

resummed at all orders for 
unpol. cross section 
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“hard” radiation
qT ≈ Q
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DY and pert. QCD:  2. “non-collinear” lepton pairs
                                           ( qT ≠ 0  measured )

Z bosons!pert.!
resummed!
@ NLL!

pert. 
resummed 
@ NLL 

resummed, 
 w/ non-pert. term 

Kulesza, Sterman, WV 

-  can be resummed with 
    threshold log’s
-  reduce the cross section 
   better agreement with data

Sudakov log’s

from Vogelsang’s talk
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Phenomenology

Trento 2012 DY Phenomenology 25

Perturbative QCD calculations (red line) compared with Boer-Mulders fits (by [Zhang,

Lu, Ma, Schmidt 2008])

-0.1

-0.05
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0.15
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0.25

0.3

0 0.5 1 1.5 2 2.5 3 3.5 4

p
T
 (GeV/c)

!

p + d at 800 GeV/c

p + p at 800 GeV/c

Enzo Barone’s talk

pQCD calculation

Boer-Mulders fit
Zhang, Lu, Ma, Schmidt, PRD78 (08)
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                                           ( qT ≠ 0  measured )

Z bosons!pert.!
resummed!
@ NLL!

pert. 
resummed 
@ NLL 

resummed, 
 w/ non-pert. term 

Kulesza, Sterman, WV 

-  can be resummed with 
    threshold log’s
-  reduce the cross section 
   better agreement with data

Sudakov log’s

from Vogelsang’s talk

pQCD 
 LO 

Boer, WV;  
Berger, Qiu, Rodriguez-Pedraza  

E866
E615
NA10

E866

But
only partial
account of
Lam-Tung

violation
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qT 

d!/dqT 

"QCD 
TMD 

qT ~ Q  coll.fact. 

PDF 

well-known feature: emergence  of  
Sudakov logarithms  

theory robust
but problems with 

low qT phenomenology

rapidly 
growing

overlapping region: do they match ?



TMD factorization approach
a rapidly growing field

27

Low transverse momentum

Low

q2
T � Q2

M2 Q2
q2
T

6

see Werner’s talk

Tuesday, 22 May 2012

TMD Factorization (DY)

qT � Q

Wµν ∼
�

d2kaT d2kbT δ(2)(�kaT + �kbT − �qT ) Tr[M̂µΦ(xa,�kaT )(M̂ν)†Φ̄(xb,�kbT )] + Y µν

qT � Q

DY: Separation into Leptonic + Hadronic Tensor

All-order TMD factorization theorem

Unpolarized proton ! Φq
U (x,�kT ) =

1
2
γ− fq

1 (x,�k2
T ) + γ−γiγ5

�ij
T kj

T

2M
h⊥1 (x,�k2

T )

Boer-Mulders effect !
dσUU

d4q dΩ
∝ C[fq

1 f q̄
1 ] + cos(2φ)C[h⊥,q

1 h⊥,q̄
1 ] + O(Λ/Q)

Thursday, May 24, 2012

Φ

Φ at leading twist
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Drell-Yan process

Kinematics easy in dilepton rest frame

Collinear factorization
! large qT from undetected parton

TMD factorization
! small qT from intrinsic parton momenta

! only quark - antiquark interactions!

Thursday, May 24, 2012
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Φ

Φ at leading twist

DY cross section
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Drell-Yan process

Kinematics easy in dilepton rest frame

Collinear factorization
! large qT from undetected parton

TMD factorization
! small qT from intrinsic parton momenta

! only quark - antiquark interactions!
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? new DY Trento conventions 
on the definition of: 
- azimuthal angles 
- parametrization of Wµν in terms 
   of structure functions

Φ

Φ at leading twist

but worry about qT/Q differences 
at twist 3            (see Bacchetta’s talk)

DY cross section
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ζF = regulator for rapidity
         divergences 
        (do not cancel as in coll. case
          but they cancel in Wµν)TMDs and Evolution

Evolution equations for ! (Collins-Soper evolution)

Exact TMD definition beyond tree-level:
1) Wilson lines are off the light cone 
    ! ! regulates light cone divergences 
    ! “unsubtracted “ TMD
2) “Soft factors” implemented

[Aybat, Rogers, PRD83, 114042; Collins’ “Foundations of pQCD”]
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evolution equations in ζ

anomalous dimensions

( in b space)

CSS kernel

Unpol. TMD “state of the art”
f1(x, kT ;Q) =

1
2π

�
d2bT e−ikT ·bT [C ⊗ f1](x, bT ) e−S�(bT ,Q) e−S�

NP(x,bT ,Q,αi)

T. Rogers, M. Aybat, arXiv:1101.5057 
see also M. Garcia’s talk

22
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final solution

PDF
pQCD non-pert. input
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Unpol. TMD “state of the art”
f1(x, kT ;Q) =

1
2π
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d2bT e−ikT ·bT [C ⊗ f1](x, bT ) e−S�(bT ,Q) e−S�

NP(x,bT ,Q,αi)

T. Rogers, M. Aybat, arXiv:1101.5057 
see also M. Garcia’s talk
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small  bT

perturbative
large  bT

non-perturbative
matching 

prescription( )
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Unpol. TMD “state of the art”
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extracted from fits

BLNY fit 
Landry, Brock, Nadolsky, Yuan, PRD67 (03)δNexp

√
S δNexp

p + p → µ+µ− + X

p + Cu → µ+µ− + X

p + Cu → µ+µ− + X

Z p + p̄ → Z + X

Z p + p̄ → Z + X

Z p + p̄ → Z + X

Z

Q0 = 1.6 bmax = 0.5 −1

QT

Q

D-Y (including Z production) is the most important 
source of information for unpolarized TMDs

RHIC

COMPASS,
E906, NICA
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BLNY  fits
Landry, Brock, Nadolsky, Yuan, 
PRD67 (03)

from  Bacchetta’s talk
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BLNY  fits
Landry, Brock, Nadolsky, Yuan, 
PRD67 (03)

DY (+ Z prod.)  
is major source 

of information for
TMD

from  Bacchetta’s talk
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dΣ =
4πα

3q2s

d4q

(2π)4
1

4

�

σ1σ2

�
d4ye−iqy(−gµν)�N1(P,σ1)N2(P̄ ,σ2)|Jµ†(y)Jν(0)|N1(P,σ1)N2(P̄ ,σ2)�

Jµ =
�

q

eqψ̄γ
µψ

QCD current SCET-qT current

• (T stands for Transverse Wilson line: a" matrix elements are gauge invariant!! [MGE, Idilbi, 
Scimemi ’11])
• Collinear, anti-collinear and soft fields decouple:

decouple  collinear  WnT† ξn  fields from  soft  SnT  fields

• The collinear part is kept on-the-LC, while the soft subtraction has a complicated 
structure with 3 soft functions: one on-the-LC and 2 off-the-LC.

• It can be rewritten as:

This is our TMDPDF Depends on rapidity cutoff
Gives the Collins-Soper evolution

• Collins’ TMDPDF has un-cancelled rapidity divergencies that come form the 2nd factor

• He uses them to resum the logs of Q2 by Collins-Soper evolution equation.

• The ansatz for zetas has no meaning for individual TMDPDF (far off-the-LC!!). But 
when combined both, they cancel and get the Q2 of the hadronic tensor. This facto 
motivates the choice for zetas.

Collins:
regulate rapidity divergences
   going off LC and using 
   proper soft factors depending 
   on rapidity cut-offs
TMD depends on regulator ζ
                                                    gives  CSS
                                   evolution eq.
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!"#$
%&''()*+,-..
/&012*3+45678+,-..
456783+%&''()*3+9(:3+/&012*++,-..

;)1205+1<&':8(&)

+++

4'1=1(+>2&?:@()

!"#+1<&':8(&)

%&''()*AB&C12++?12)1'+()+
D&&2@()781+*C7D1

/1)&2E7'(F78(&)+02&:C+1G:78(&)*

+++

new approach: reabsorb soft factor in definition 
                         of  TMD → no dependence on ζ
               regulate divergencies staying on LC 
                                                 with regulator Δ

• From the definition of the TMDPDF:

• Using the ∆-regulator, Lorentz invariance and dimensional analysis:

• Since the TMDPDF (Wilson coefficients and PDFs) is free from rapidity 
divergencies to all orders in perturbation theory:

This is analogous to Collins-Soper evolution equation!!

simple evol. eq. 
at 2 loopsfrom  Garcia’s talk
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TMDSCET   =  TMDCollins   with  ζ ↔ Q
still a non-perturbative part dependent on b*, to be fitted to data

∫ TMDSCET  dkT  =  PDF   (but the bare one!)

from  Garcia’s talk
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different soft  SnT  fields for different processes  
→  unpol. TMDSCET  universal,   pol. TMDSCET ?

TMDSCET   =  TMDCollins   with  ζ ↔ Q
still a non-perturbative part dependent on b*, to be fitted to data

∫ TMDSCET  dkT  =  PDF   (but the bare one!)

from  Garcia’s talk
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different soft  SnT  fields for different processes  
→  unpol. TMDSCET  universal,  pol. TMDSCET ?

TMDSCET   =  TMDCollins   with  ζ ↔ Q
still a non-perturbative part dependent on b*, to be fitted to data

∫ TMDSCET  dkT  =  PDF   (but the bare one!)

No soft function in the factorization theorem!! (Agreement with [Collins ’11])

• With these definition we get (in impact parameter space):

• Seven definitions of TMDPDF “in the market”:

‣ Collins ’82: just co!inear (off-the-LC)
‣ Ji, Ma, Yuan ’05: co!inear with subtraction of complete so& function (off-the-LC)
‣ Cherednikov, Stefanis ’08: co!inear with subtraction of complete so& function (LC gauge)
‣ Mantry, Petriello ’10: fu!y unintegrated co!inear matrix element
‣ Becher, Neubert ’11: there is no definition of TMDPDF

‣ Collins ’11: co!inear with subtraction of square root of so& function (off-the-LC “strange”)
‣ Chiu, Jain, Neill, Rothstein ’12: co!inear matrix element (Rapidity Regulator)

• In order to cancel the mixed divergencies we define the TMDPDF as:

in b space    Wµν

no soft factor

• A and B are known up to three loops!!

• We have by free the AD of the TMDPDF at 3-loops!!
• Collins’ AD can only be calculated at 1-loop, since there is no relation with the AD of 
the hard matching coefficient.

• Applying the RGE to M we get the AD of the TMDPDF:

RGE Wµν

• A and B are known up to three loops!!

• We have by free the AD of the TMDPDF at 3-loops!!
• Collins’ AD can only be calculated at 1-loop, since there is no relation with the AD of 
the hard matching coefficient.

• Applying the RGE to M we get the AD of the TMDPDF:

known at NNLO
anomalous dim. of TMD 

known at NNLO !

from  Garcia’s talk
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“TMDCollins”
∫ TMD  dkT  ≠  PDF   
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Trento 2012 DY Phenomenology 7

The DY cross section contains 48 structure functions [Arnold, Metz & Schlegel 2009]

d6σ

d4q dΩ
=

α2
em

6sQ2

{[

(1 + cos2 θ) W 1
UU + sin2 θ W 2

UU + sin 2θ cos φ W cos φ
UU

+ sin2 θ cos 2φ W cos 2φ
UU

]

+S1T

[

sin φS1

(

(1 + cos2 θ) W 1
T U + sin2 θ W 2

T U + sin 2θ cos φ W cos φ
T U

+ sin2 θ cos 2φ W cos 2φ
T U

)

+ cos φS1 (sin 2θ sin φ W sin φ
T U

+ sin2 θ sin 2φ W sin 2φ
T U

)
]

+ (1 ↔ 2, T ↔ U)

+S1T S2T

[

cos(φS1 + φS2 )
(

(1 + cos2 θ) W 1
T T + sin2 θ W 2

T T

+ sin 2θ cos φ W cos φ
T T

+ sin2 θ cos 2φ W cos 2φ
T T

)

+ cos(φS1 − φS2 )
(

(1 + cos2 θ) W
1
T T + sin2 θ W

2
T T + sin 2θ cos φ W

cos φ

T T + sin2 θ cos 2φ W
cos 2φ

T T

)

+ sin(φS1 + φS2 ) (sin 2θ sin φ W sin φ
T T + sin2 θ sin 2φ W sin 2φ

T T )

+ sin(φS1 − φS2 ) (sin 2θ sin φ W
sin φ

T T + sin2 θ sin 2φ W
sin 2φ

T T )
]

+ . . .
}

.

Integrating upon qT only three structure functions survive:

W 1
UU , W 1

LL and W
cos(2φ−φS1

−φS2
)

T T ≡ 1
2 (W sin 2φ

T T + W cos 2φ
T T )

24 structure functions appear at leading twist
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M2 Q2
q2
T

Collins, Soper, Sterman, NPB250 (85) 

Matching behavior

TMD description (good) TMD extrapolation (bad)

collinear extrapolation (bad)

collinear description 
(good)

F 1
UU

17
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Low High

q2
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M2 Q2
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q2
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M2 Q2
q2
T

Collins, Soper, Sterman, NPB250 (85) 

Matching behavior

TMD description (good) TMD extrapolation (bad)

collinear extrapolation (bad)

collinear description 
(good)

F 1
UU
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matching 
is  ok

from  Bacchetta’s talk
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M2 Q2
q2
T

Collins, Soper, Sterman, NPB250 (85) 

Matching behavior

TMD description (good) TMD extrapolation (bad)

collinear extrapolation (bad)

collinear description 
(good)

F 1
UU

17

Tuesday, 22 May 2012

Matching?

Low High

q2
T � Q2 M2 � q2

T

M2 Q2
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q2
T
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Matching?

Low High

q2
T � Q2 M2 � q2

T

M2 Q2
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q2
T

M2 � q2
T � Q2

8

Tuesday, 22 May 2012

Matching?

Low High

q2
T � Q2 M2 � q2

T

M2 Q2

Intermediate

q2
T

M2 � q2
T � Q2

8

Tuesday, 22 May 2012

matching 
is  ok

M2 Q2
q2
T

From TMD to collinear PDFs?

TMD extrapolation (bad)

collinear description 
(good)

F 1
UU

To obtain PDFs, you need to integrate into the high qT region, 
where TMDs cannot be used. 
You should NOT expect to recover PDFs from TMDs.

18

Tuesday, 22 May 2012

∫ TMD  dkT

but 
integrate TMD up to
high qT where TMD 
extrapolation is bad

⇓
expect

∫ TMD  dkT  ≠  PDF

from  Bacchetta’s talk
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Low transverse momentum

Low

q2
T � Q2

M2 Q2
q2
T

6

see Werner’s talk

Tuesday, 22 May 2012

from  Melis’ talk 
(see also Zavada)
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Unpolarized DY cross section

d6σUU

d4q dΩ
=

α2
em

6sQ2

{

(1 + cos2 θ) W 1
UU + sin2 θ W 2

UU

+ sin 2θ cos φ W cos φ
UU + sin2 θ cos 2φ W cos 2φ

UU

}

Another common parametrization of the angular distribution of dileptons

1

Ntot

dN

dΩ
=

3

4π

1

λ + 3

(

1 + λ cos2 θ + µ sin 2θ cos φ +
ν

2
sin2 θ cos 2φ

)

with the correspondence

λ =
W 1

UU − W 2
UU

W 1
UU

+ W 2
UU

, µ =
W cos φ

UU

W 1
UU

+ W 2
UU

, ν =
2 W cos 2φ

UU

W 1
UU

+ W 2
UU

The Lam-Tung relation λ + 2ν = 1, corresponding to W 2
UU = 2W cos 2φ

UU , is valid in

collinear QCD at order αs and slightly violated at order α2
s
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Perturbative QCD calculations (red line) compared with Boer-Mulders fits (by [Zhang,

Lu, Ma, Schmidt 2008])
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Perturbative QCD calculations (red line) compared with Boer-Mulders fits (by [Zhang,

Lu, Ma, Schmidt 2008])
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In the TMD framework, at leading twist:

W 1
UU = C [f1f̄1]

W cos 2φ
UU = C

[

2(q̂T · k1T )(q̂T · k2T ) − k1T · k2T

M1M2
h⊥
1 h̄⊥

1

]

and therefore

νBM =
2 C

[

(2(q̂T · k1T )(q̂T · k2T ) − k1T · k2T ) h⊥
1 h̄⊥

1

]

M1M2 C
[

f1f̄1

]

If we adopt a Wandzura-Wilczek approximation (neglect tilde distributions) the
twist-3 cos φ structure function is given by [Lu & Schmidt 2011]

W cos φ
UU

=
1

Q
C
[

[(q̂T · k1T ) − (q̂T · k2T )] f1 f̄1

]

+
1

Q
C
[

(q̂T · k1T )k2
2T − (q̂T · k2T )k2

1T

2M1M2
h⊥
1 h̄⊥

1

]

The first line is the Cahn term, a kinematic contribution not involving any new

distribution, the second line is the Boer-Mulders contribution, containing h⊥
1

Trento 2012 DY Phenomenology 27

There is also a 1/Q2 Cahn correction to W cos 2φ
UU [Schweitzer, Teckentrup, Metz 2010]

W cos 2φ
UU =

1

Q2
C
[{

1

2
[(q̂T · k1T ) − (q̂T · k2T )]2 + 2k2

1T k
2
2T

}

f1 f̄1

]

Remember however that this is an incomplete kinematic contribution

The full 1/Q2 kinematic correction is more complicated

Moreover, there are unknown dynamical twist-4 terms
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λ →
μ → Cahn

B.M.

+

ν → B.M.

Cahn

+ unknown terms ....

from Barone’s talk 
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The Cahn cos 2φ and cos φ contributions in DY are expected to be small (at least for

nucleon-nucleon DY)

In the Gaussian model one can work them out analytically [Arnold, Metz, Schlegel 2009]:

νCahn ∼
Q2

T

Q2

(

〈k2
1T 〉 − 〈k2

2T 〉
〈Q2

T
〉

)2

µCahn ∼
QT

Q

〈k2
1T 〉 − 〈k2

2T 〉
〈Q2

T
〉
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overview on leading-twist chiral-odd TMDs
chiral-odd TMDs in πN Drell-Yan

chiral-odd TMDs in single polarized pp Drell-Yan
Twist-3 TMDs in Drell-Yan processes

Boer-Mulders function
T-even chiral-odd TMDs: h1T , h⊥

1T , h⊥
1L

parameterizations confront data (qT ≤ 2 GeV).

data from L.Y. Zhu, et,al. (E866/NuSea) 2006 (pd data), 2008 (pp data)

1

σ

dσ

dΩ
=

3

4π

1

λ+ 3
(1 + λ cos2 θ + µ sin 2 θ cos φ+

ν

2
sin2 θ cos 2φ).

ν(x1, x2, qT ) =

F
[
((2ĥ · p1T ĥ · p2T )− (p1T · p2T ))

h
⊥ q
1 h

⊥ q̄
1

M1M2

]

F [f q
1 f q̄

1 ]

TMD factorization is valid in low qT region. At higher qT , ν is subject to pQCD
effects (Mirkes, Ohnemus 94; Boer, Vogelsang, 06; Berger, Qiu,
Rodriguez-Pedraza 07).

Product h⊥ q
1 h⊥ q̄

1 brings uncertainties on the absolute normalization for each
flavor, which is constrained by the positivity bound (Bacchetta 99).

Zhun Lu chiral-odd TMDs at twist 2 (and beyond) from (single-/un)polarized Drell-Y
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Extracting the Boer-Mulders distribution from E866 data [Lu, Schmidt, Ma, Zhiang]
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h⊥q
1 (x, k2

T ) = Aqxaq (1 − x)bfq
1 (x)

exp (−k2
T /k2

BM )

πk2
BM

As DY depends on products h⊥
1 h̄⊥

1 , the absolute normalization of the distributions

and their sign are not fixed by the data

There is a factor 4 uncertainty (constrained by positivity bounds)
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Boer-Mulders function
T-even chiral-odd TMDs: h1T , h⊥

1T , h⊥
1L

Boer-Mulders functions: extraction from DY data
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1st  step :  extract  h1
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cos2ϕ 

! !

!"#$%&'()#$*+,'-./0"-+0-+12+,$"3+,0/*

!4#+5#$,"$3#)+6-+6-6(7*0*+",+89::+)6/6+"-+55+6-)+51+1$#((%26-

+

'+6-)+)+!"#$%&'()#$*+,'-./0"-*+6*+#;/$6./#)+,$"3+<=1=<"

#!

<0>#$*+,'-./0"-*+,$"3+++?-*#(30-"+#/+6(@+8'$@+AB7*@+C@+?DEF9E++

"#$

"#$

! !

!"#$%&'()#$*+,'-./0"-+0-+12+,$"3+,0/*

!4#+5#$,"$3#)+6-+6-6(7*0*+",+89::+)6/6+"-+55+6-)+51+1$#((%26-

+

'+6-)+)+!"#$%&'()#$*+,'-./0"-*+6*+#;/$6./#)+,$"3+<=1=<"

#!

<0>#$*+,'-./0"-*+,$"3+++?-*#(30-"+#/+6(@+8'$@+AB7*@+C@+?DEF9E++

"#$

"#$

! !

!"#$%&#'()*(+*#,-*.(-$/0123-$4*51)&#'()

.-##-$*3-4&$'6#'()*(+*7!80!9*:1#*#,-*.0*'4*1)&,%);-3

5<=*<<

!5<=*<<

>?0@A99 7!80!9

BC"DEFGHI*JK-LM&N
H

*B6"DEFGHF*JK-LM&N
H

H

H

BC"DEFGOP*JK-LM&N
H

*B6"DEFGHF*JK-LM&N
H

H

H

Q!0> Q7!80!9*0>

! !

!"#$%&#'()*(+*#,-*.(-$/0123-$4*51)&#'()

.-##-$*3-4&$'6#'()*(+*7!80!9*:1#*#,-*.0*'4*1)&,%);-3

5<=*<<

!5<=*<<

>?0@A99 7!80!9

BC"DEFGHI*JK-LM&N
H

*B6"DEFGHF*JK-LM&N
H

H

H

BC"DEFGOP*JK-LM&N
H

*B6"DEFGHF*JK-LM&N
H

H

H

Q!0> Q7!80!9*0>

! !

!"#$%&#'()*(+*#,-*.(-$/0123-$4*51)&#'()

.-##-$*3-4&$'6#'()*(+*7!80!9*:1#*#,-*.0*'4*1)&,%);-3

5<=*<<

!5<=*<<

>?0@A99 7!80!9

BC"DEFGHI*JK-LM&N
H

*B6"DEFGHF*JK-LM&N
H

H

H

BC"DEFGOP*JK-LM&N
H

*B6"DEFGHF*JK-LM&N
H

H

H

Q!0> Q7!80!9*0>

! !

!"#$%&#'()*(+*#,-*.(-$/0123-$4*+1)&#'()4

!5%,)*-++-&#*678'4#/9:&(;<%$%=2-

#(*.0*-++-&#*

!>%;-*4'?)*(+*5%,)*&()#$'=1#'()

+($*<(4'#'@-*%)3*)-?%#'@-*<'()4

!.0*&()#$'=1#'()*(<<(4'#-*')*4'?)

+($*<(4'#'@-*%)3*)-?%#'@-*<'()4

A!B0!>C*D'($3%)(E%$F'@EGHGIJK9LM

Trento 2012 DY Phenomenology 30

The 〈cos 2φh〉 asymmetry in SIDIS

[VB, Ma, Melis, Prokudin (2008, 2010)]
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• Signs and magnitudes of the Boer-Mulders function (h⊥u
1 ∼ 2f⊥u

1T , h⊥d
1 ∼ −f⊥d

1T ) in
agreement with theoretical expectations (impact-parameter + lattice, large Nc)

• Signature of the Boer-Mulders effect: 〈cos 2φh〉π− > 〈cos 2φh〉π+ (as a consequence of

H⊥fav
1 ≈ −H⊥unf

1 )

• Cahn contribution relatively large in spite of being O(1/Q2)

• Since h⊥u
1 has the same sign as h⊥d

1 , the BM effect is not suppressed in deuteron
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H⊥fav
1 ≈ −H⊥unf

1 )

• Cahn contribution relatively large in spite of being O(1/Q2)

• Since h⊥u
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1 , the BM effect is not suppressed in deuteron
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1st  step :  extract  h1
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The 〈cos 2φh〉 asymmetry in SIDIS

[VB, Ma, Melis, Prokudin (2008, 2010)]
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• Signs and magnitudes of the Boer-Mulders function (h⊥u
1 ∼ 2f⊥u

1T , h⊥d
1 ∼ −f⊥d

1T ) in
agreement with theoretical expectations (impact-parameter + lattice, large Nc)

• Signature of the Boer-Mulders effect: 〈cos 2φh〉π− > 〈cos 2φh〉π+ (as a consequence of

H⊥fav
1 ≈ −H⊥unf

1 )

• Cahn contribution relatively large in spite of being O(1/Q2)

• Since h⊥u
1 has the same sign as h⊥d

1 , the BM effect is not suppressed in deuteron
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sign and size as lattice and 
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Cahn effect very large

from Melis’ talk
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The 〈cos 2φh〉 asymmetry in SIDIS

[VB, Ma, Melis, Prokudin (2008, 2010)]
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• Signs and magnitudes of the Boer-Mulders function (h⊥u
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1T , h⊥d
1 ∼ −f⊥d

1T ) in
agreement with theoretical expectations (impact-parameter + lattice, large Nc)

• Signature of the Boer-Mulders effect: 〈cos 2φh〉π− > 〈cos 2φh〉π+ (as a consequence of
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1 ≈ −H⊥unf

1 )

• Cahn contribution relatively large in spite of being O(1/Q2)

• Since h⊥u
1 has the same sign as h⊥d

1 , the BM effect is not suppressed in deuteron
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2nd  step :  extract  h1
⊥u,d  from  E866 pp and pD  
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Use BM quark distributions from SIDIS and extract antiquarks from E866

[VB, Melis, Prokudin 2010]

(Note: SIDIS is quite insensitive to antiquark distributions)
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Two fits have been performed with different average transverse momenta: 0.25 GeV2

and 0.64 GeV2. The agreement with data is the same, but the normalization of

antiquark distributions changes

Considering only the low QT region (< 1.5 GeV), the dataset is quite limited
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Use BM quark distributions from SIDIS and extract antiquarks from E866

[VB, Melis, Prokudin 2010]
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parametrization of Boer-Mulders function
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-  new  SIDIS  data on <cos2ϕ> from  
              arXiv:1204.4161                         ⇒  redo the analysis
              Sbrizzai, Transversity 2011
-  results contaminated from huge Cahn effect in SIDIS
    if  intrinsic k⊥

2 is limited, then effect reduced

-  TMD evolution missing
-  further kinematic 1/Q2 and dynamical twist-4 terms
    in fact...
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Boer-Mulders 
effect

Can be calculated 
with pQCD.
Resummation 
important.

Nonperturbative twist-4.
No factorization.
 (Cahn twist-4 can be a model?)

Bacchetta, Boer, Diehl, Mulders, JHEP08 (08)

dσ

dΩ
∝ 1 + λ cos2 θ + µ sin 2θ cos φ +

ν

2
sin2 θ cos 2φ

ν

Boer, Vogelsang, PRD74 (06)

Berger, Qiu, Rodrigues-
Pedraza, PRD76 (07)
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very

complicated

from Bacchetta’s talk

2 different
mechanisms
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fluctuating vacuum 
chromomagnetic field 

from Nachtmann’s talk
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fluctuating vacuum 
chromomagnetic field 

from Nachtmann’s talk



The DY  AUUcos2ϕ :   nonpert. QCD
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fluctuating vacuum 
chromomagnetic field 

q-q  density matrix

does it factorize, or is 
q-q entanglement ?

from Nachtmann’s talk
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Lam-Tung violation

from Nachtmann’s talk



The single-polarized  DY :   the Sivers effect
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In the TMD framework, at leading twist:
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Single transversely polarized DY probes:

• the Sivers distribution via sin (φ − φS)

• the Boer-Mulders distribution in combination with the transversity or the

“pretzelosity”, via sin (φ + φS) and sin (3φ − φS) respectively

large  asymmetries predicted using “old style” analysis 
with DGLAP evolution of collinear part

Trento 2012 DY Phenomenology 47

Predictions for the Sivers asymmetry [Anselmino et al. 2009]

Asymmetry defined as Asin(φ−φS) ≡
2
∫

dφ sin(φ−φS) (dσ↑−dσ↓)
∫

dφ (dσ↑+dσ↓)

Sivers function obtained from a fit of HERMES and Compass SIDIS data

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

-0.5  0  0.5

A Nsin
(!
"-!

S)

xF

COMPASS: # p$ 

4<M<9 GeV
E#=160 GeV GRVPI

#-

#+

-0.1

 0

 0  0.5

A Nsin
(!
"-!

S)

xF

PANDA: p% p$ 

2<M<2.5 GeV
Ep%=15 GeV
0<qT<0.4 GeV

Trento 2012 DY Phenomenology 47

Predictions for the Sivers asymmetry [Anselmino et al. 2009]

Asymmetry defined as Asin(φ−φS) ≡
2
∫

dφ sin(φ−φS) (dσ↑−dσ↓)
∫

dφ (dσ↑+dσ↓)

Sivers function obtained from a fit of HERMES and Compass SIDIS data

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

-0.5  0  0.5

A Nsin
(!
"-!

S)

xF

COMPASS: # p$ 

4<M<9 GeV
E#=160 GeV GRVPI

#-

#+

-0.1

 0

 0  0.5

A Nsin
(!
"-!

S)

xF

PANDA: p% p$ 

2<M<2.5 GeV
Ep%=15 GeV
0<qT<0.4 GeV

Trento 2012 DY Phenomenology 47
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or with weighted asymmetries
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Weighted Sivers asymmetry [Bacchetta et al. 2010]
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Weighted Sivers asymmetry [Bacchetta et al. 2010]
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Sivers funct. in spectator 
diquark model with 
(x,kT) unfactorized dep.
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• initial phenomenology very encouraging 

Anselmino, 
Boglione, 
Melis 

Aybat,Prokudin,Rogers 

• initial phenomenology very encouraging 

Anselmino, 
Boglione, 
Melis 

Aybat,Prokudin,Rogers 

first: SIDIS

COMPASS <Q2>=3.6 GeV2

HERMES  <Q2>=2.4 GeV2
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next: DY

marked  sensitivity
to parameter of 
nonpert. kernel
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In the TMD framework, at leading twist:
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Single transversely polarized DY probes:

• the Sivers distribution via sin (φ − φS)

• the Boer-Mulders distribution in combination with the transversity or the

“pretzelosity”, via sin (φ + φS) and sin (3φ − φS) respectively

π p↑  at COMPASS:   explore  B.M. of  pion (*)
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In the TMD framework, at leading twist:
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Single transversely polarized DY probes:

• the Sivers distribution via sin (φ − φS)

• the Boer-Mulders distribution in combination with the transversity or the

“pretzelosity”, via sin (φ + φS) and sin (3φ − φS) respectively

π p↑  at COMPASS:   explore  B.M. of  pion 
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Diquark spectator model and LCCQM with one gluon exchange approximation
BM funct. proportional to !s ⇒ overall normalization constant depending on the model scale 

Spectator Quark model
|k⊥h⊥

1π|/Mπf1π

mass and f1!x;k2
?" is the unpolarized quark distribution

of the proton.

III. COS2! ASYMMETRIES IN UNPOLARIZED
DRELL-YAN PROCESS

The general form of the angular differential cross
section for unpolarized !#p Drell-Yan process is

1
"

d"
!

$ 3
4!

1
#% 3

!

1% #cos2$%%sin2$ cos&

% '
2
sin2$cos2&

"

; (19)

where & is the angle between the lepton plane and the
plane of the incident hadrons in the lepton pair center of
mass frame (see Fig. 4). The experimental data show large
value of ' near to 30%, which can not be explained by
perturbative QCD. Many theoretical approaches have
been proposed to interpret the experimental data, such
as high-twist effect [21,22], and factorization breaking
mechanism [23]. In Ref. [4] Boer demonstrated that un-
suppressed cos2& asymmetries can arise from a product
of two chiral-odd h?1 which depends on transverse mo-
mentum. In Ref. [18] the cos2& asymmetry in unpolar-
ized p "p ! l"lX Drell-Yan process has been estimated
from h?1 !x;k2

?" for the proton computed by quark-sca-
lar-diquark model. The maximum of ' in that case is in
the order of 30%.

In this section we give a simple estimate of cos2&
asymmetry in unpolarized !#p Drell-Yan process,

from h?1! computed by our model. The leading order
unpolarized Drell-Yan cross section expressed in the
Collins-Soper frame [24] is
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where Q2 $ q2 is the invariance mass square of the lepton
pair, and the vector ĥ $ q?=QT . We have used the nota-
tion

F &f1 "f1' $
Z

d2p?d2k?)2!p? % k? # q?"fa1 !x;p2
?"
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From Eq. (20) one can give the expression for the
asymmetry coefficient ' [4]:
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e2aF
$
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Our model calculation has shown "h?1! $ h?1!. Thus in
!#p unpolarized Drell-Yan process we can assume
u-quark dominance, which means the main contribution
to asymmetry comes from "h?; "u

1! ! "x;k2
?" ( h?;u

1 !x;p2
?",

since "u in !# and u in proton are both valence quarks.
Then we have ' * 2Fu=!M!MGu". To evaluate ', we use
our model result for "h?; "u

1! and "f1!, and we adopt h?;u
1 and

f1 from Ref. [18]. Using the p? integration to eliminate
the delta function in the denominator and numerator in
Eq. (22) one arrives at
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FIG. 4. Angular definitions of unpolarized Drell-Yan process
in the lepton pair center of mass frame.
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and agree reasonably well with each other. Because the light cone
components in Eq. (34) are already integrated out and the remain-
ing integration range is over a 2-dimensional transverse Euclidean
space, and because the gauge dependent part of the gluon prop-
agator does not contribute, it is natural to apply the Euclidean
results in Landau gauge of the Dyson–Schwinger framework. One
unique feature of Dyson–Schwinger studies of the gluon propa-
gator is that it rises like (k2)2κ−1 in the infra-red limit with a
universal coefficient κ " 0.595. This makes it infrared finite in con-
trast to the perturbative propagator. A fit to the results for the
non-perturbative gluon propagator has been given in Refs. [82,87,
88],

Z
(
p2,µ2) = p2D−1(p2,µ2)

=
(

αs(p2)

αs(µ2)

)1+2δ( c( p2

Λ2 )κ + d( p2

Λ2 )2κ

1+ c( p2

Λ2 )κ + d( p2

Λ2 )2κ

)2

, (36)

with the parameters c = 1.269, d = 2.105, and δ = − 9
44 . These fits

for the running coupling and the gluon propagator merge with
the spirit of the eikonal methods described above since closed
fermion loops (quenched approximation) were neglected. By using
the non-perturbative propagator (36), we partly reintroduce gluon
self-interactions that were originally neglected in the generalized
ladder approximation. According to Ref. [88] the fitting functions
Eqs. (35) and (36) were adjusted to Dyson–Schwinger results ob-
tained at a very large renormalization scale, the mass of the top
quark, µ2 = 170 GeV2, which defines the normalization in (36).
Since the lensing function deals with soft physics, intuitively we
prefer a much lower hadronic scale which sets the normalization,
µ = ΛQCD ≈ 0.2 GeV. In the spirit of Sudakov form factors we also
assume that the scale at which the gluons are exchanged is given
by the transverse gluon momentum that we integrate over. In this
way the running coupling serves as a vertex form factor that addi-
tional cuts off large gluon transverse momenta.

Our ansatz for the eikonal phase given by Dyson–Schwinger
quantities then reads,

χDS(|$zT |
)
= 2

∞∫

0

dkT kTαs
(
k2T

)
J0

(
|$zT |kT

)
Z
(
k2T ,Λ2

QCD
)
/k2T . (37)

The numerical result for this ansatz is shown in the center panel
of Fig. 2. We plot this function for various scale ΛQCD = 0 GeV,
0.2 GeV, 0.5 GeV, 0.7 GeV. Although the choice of this scale is
rather arbitrary we observe only a very mild dependence on this
scale as long as it remains soft. We further observe that the phase
doesn’t exceed a value of 4–4.5 → χmax/4 ≈ 1.15. Thus this feature
makes the application of the power series of the color function in
SU(3) reliable since χ/4 never exceeds 1.5 in the lensing function,
Eq. (30) and in turn in the calculation of the Boer–Mulders func-
tion in Eq. (5).

Finally, we insert our ansatz for the eikonal phase into the lens-
ing functions (30) for a U (1), SU(2) and SU(3) color function. We
plot the results in Fig. 3 for a color function for U (1), SU(2), SU(3).
While we observe that all lensing functions fall off at large trans-
verse distances, they are quite different in size at small distances.
However for each case, the all order calculation sums up to an
exponential of the eikonal phase where one observes oscillations
from the Bessel function J0 of the first kind. Despite these oscilla-
tions the lensing function remains negative.

6. The pion Boer–Mulders function

In this section we use the eikonal model for the lensing func-
tion together with the spectator model for the GPD Hπ

1 to present

Fig. 3. The pion Boer–Mulders function, xm2
πh⊥,(1)

1 (x) vs. x calculated by means of
the relation to the chirally-odd GPD Hπ

1 for an SU(3), SU(2), U (1) gauge theory.

predictions of the relation (5) for the first moment of the pion
Boer–Mulders function h⊥(1)

1 .
We start by fixing the model parameters in (13). We encounter

six free model parameters ms , mq , Λ, λ, gπ and n that we need to
determine by fitting to pion data. In order to do so we determine
the chiral-even GPD Fπ

1 (for definition and notation see Ref. [48])
in the spectator model,
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(38)

When integrated over x, the GPD reduces to the pion form factor
Fπ+

(Q 2) = −Fπ−
(Q 2). An experimental fit of the pion form fac-

tor to data is presented in Refs. [89,90], and up to Q 2 = 2.45 GeV2

is displayed by the monopole formula Ffit(Q 2) = (1 + 1.85Q 2)−1.
This procedure is expected to predict the t-dependence of the
chirally-odd GPD Hπ

1 reasonably well up to Q 2 = 2.45 GeV2. In
order to fix the x-dependence of Hπ

1 we fit the collinear limit
Fπ
1 (x,0,0) to the valence quark distribution in a pion. A parame-

terization for Fπ
1 (x) was given by GRV in Ref. [91] at a scale µ2 =

2 GeV2. Reasonable agreements of the form factor- and collinear
limit of Eq. (38) with the data fits are found for the parameters
mq = 0.834 GeV, ms = 0.632 GeV, Λ = 0.067 GeV, λ = 0.448 GeV,
n = 0.971, gπ = 3.604. Details of the fitting procedure for this and
an analogous calculation for the Sivers function will be presented
in a future publication [80].

With the predicted GPD Hπ
1 and the lensing function

I i(x, $bT ) ≡ biT /|bT |I(x, |bT |) as input we use (5) to give a pre-
diction for the valence contribution to the first kT -moment of the
pion Boer–Mulders function,

m2
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⊥(1)
1 (x) = 2π

∞∫

0

dbT b2T I(x,bT )
∂

∂b2T
Hπ

1
(
x,b2T

)
. (39)

Numerical results for m2
πh

⊥(1)
1 (x) are presented in Fig. 3 for a

U (1), SU(2) and SU(3) gauge theory. One observes that all re-
sults are negative which reflects the sign of the lensing function. It
was argued in Ref. [66] that a negative sign of the lensing func-
tions indicates attractive FSIs. We find that this is valid in an
Abelian perturbative model as well as our non-perturbative model

Gamberg, Schlegel
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mass and f1!x;k2
?" is the unpolarized quark distribution

of the proton.

III. COS2! ASYMMETRIES IN UNPOLARIZED
DRELL-YAN PROCESS

The general form of the angular differential cross
section for unpolarized !#p Drell-Yan process is
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where & is the angle between the lepton plane and the
plane of the incident hadrons in the lepton pair center of
mass frame (see Fig. 4). The experimental data show large
value of ' near to 30%, which can not be explained by
perturbative QCD. Many theoretical approaches have
been proposed to interpret the experimental data, such
as high-twist effect [21,22], and factorization breaking
mechanism [23]. In Ref. [4] Boer demonstrated that un-
suppressed cos2& asymmetries can arise from a product
of two chiral-odd h?1 which depends on transverse mo-
mentum. In Ref. [18] the cos2& asymmetry in unpolar-
ized p "p ! l"lX Drell-Yan process has been estimated
from h?1 !x;k2

?" for the proton computed by quark-sca-
lar-diquark model. The maximum of ' in that case is in
the order of 30%.

In this section we give a simple estimate of cos2&
asymmetry in unpolarized !#p Drell-Yan process,

from h?1! computed by our model. The leading order
unpolarized Drell-Yan cross section expressed in the
Collins-Soper frame [24] is
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where Q2 $ q2 is the invariance mass square of the lepton
pair, and the vector ĥ $ q?=QT . We have used the nota-
tion

F &f1 "f1' $
Z

d2p?d2k?)2!p? % k? # q?"fa1 !x;p2
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From Eq. (20) one can give the expression for the
asymmetry coefficient ' [4]:
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Our model calculation has shown "h?1! $ h?1!. Thus in
!#p unpolarized Drell-Yan process we can assume
u-quark dominance, which means the main contribution
to asymmetry comes from "h?; "u

1! ! "x;k2
?" ( h?;u

1 !x;p2
?",

since "u in !# and u in proton are both valence quarks.
Then we have ' * 2Fu=!M!MGu". To evaluate ', we use
our model result for "h?; "u

1! and "f1!, and we adopt h?;u
1 and

f1 from Ref. [18]. Using the p? integration to eliminate
the delta function in the denominator and numerator in
Eq. (22) one arrives at
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FIG. 4. Angular definitions of unpolarized Drell-Yan process
in the lepton pair center of mass frame.
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and agree reasonably well with each other. Because the light cone
components in Eq. (34) are already integrated out and the remain-
ing integration range is over a 2-dimensional transverse Euclidean
space, and because the gauge dependent part of the gluon prop-
agator does not contribute, it is natural to apply the Euclidean
results in Landau gauge of the Dyson–Schwinger framework. One
unique feature of Dyson–Schwinger studies of the gluon propa-
gator is that it rises like (k2)2κ−1 in the infra-red limit with a
universal coefficient κ " 0.595. This makes it infrared finite in con-
trast to the perturbative propagator. A fit to the results for the
non-perturbative gluon propagator has been given in Refs. [82,87,
88],

Z
(
p2,µ2) = p2D−1(p2,µ2)

=
(
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αs(µ2)

)1+2δ( c( p2
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Λ2 )2κ

1+ c( p2

Λ2 )κ + d( p2

Λ2 )2κ

)2

, (36)

with the parameters c = 1.269, d = 2.105, and δ = − 9
44 . These fits

for the running coupling and the gluon propagator merge with
the spirit of the eikonal methods described above since closed
fermion loops (quenched approximation) were neglected. By using
the non-perturbative propagator (36), we partly reintroduce gluon
self-interactions that were originally neglected in the generalized
ladder approximation. According to Ref. [88] the fitting functions
Eqs. (35) and (36) were adjusted to Dyson–Schwinger results ob-
tained at a very large renormalization scale, the mass of the top
quark, µ2 = 170 GeV2, which defines the normalization in (36).
Since the lensing function deals with soft physics, intuitively we
prefer a much lower hadronic scale which sets the normalization,
µ = ΛQCD ≈ 0.2 GeV. In the spirit of Sudakov form factors we also
assume that the scale at which the gluons are exchanged is given
by the transverse gluon momentum that we integrate over. In this
way the running coupling serves as a vertex form factor that addi-
tional cuts off large gluon transverse momenta.

Our ansatz for the eikonal phase given by Dyson–Schwinger
quantities then reads,

χDS(|$zT |
)
= 2

∞∫

0

dkT kTαs
(
k2T

)
J0

(
|$zT |kT

)
Z
(
k2T ,Λ2

QCD
)
/k2T . (37)

The numerical result for this ansatz is shown in the center panel
of Fig. 2. We plot this function for various scale ΛQCD = 0 GeV,
0.2 GeV, 0.5 GeV, 0.7 GeV. Although the choice of this scale is
rather arbitrary we observe only a very mild dependence on this
scale as long as it remains soft. We further observe that the phase
doesn’t exceed a value of 4–4.5 → χmax/4 ≈ 1.15. Thus this feature
makes the application of the power series of the color function in
SU(3) reliable since χ/4 never exceeds 1.5 in the lensing function,
Eq. (30) and in turn in the calculation of the Boer–Mulders func-
tion in Eq. (5).

Finally, we insert our ansatz for the eikonal phase into the lens-
ing functions (30) for a U (1), SU(2) and SU(3) color function. We
plot the results in Fig. 3 for a color function for U (1), SU(2), SU(3).
While we observe that all lensing functions fall off at large trans-
verse distances, they are quite different in size at small distances.
However for each case, the all order calculation sums up to an
exponential of the eikonal phase where one observes oscillations
from the Bessel function J0 of the first kind. Despite these oscilla-
tions the lensing function remains negative.

6. The pion Boer–Mulders function

In this section we use the eikonal model for the lensing func-
tion together with the spectator model for the GPD Hπ

1 to present

Fig. 3. The pion Boer–Mulders function, xm2
πh⊥,(1)

1 (x) vs. x calculated by means of
the relation to the chirally-odd GPD Hπ

1 for an SU(3), SU(2), U (1) gauge theory.

predictions of the relation (5) for the first moment of the pion
Boer–Mulders function h⊥(1)

1 .
We start by fixing the model parameters in (13). We encounter

six free model parameters ms , mq , Λ, λ, gπ and n that we need to
determine by fitting to pion data. In order to do so we determine
the chiral-even GPD Fπ

1 (for definition and notation see Ref. [48])
in the spectator model,
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When integrated over x, the GPD reduces to the pion form factor
Fπ+

(Q 2) = −Fπ−
(Q 2). An experimental fit of the pion form fac-

tor to data is presented in Refs. [89,90], and up to Q 2 = 2.45 GeV2

is displayed by the monopole formula Ffit(Q 2) = (1 + 1.85Q 2)−1.
This procedure is expected to predict the t-dependence of the
chirally-odd GPD Hπ

1 reasonably well up to Q 2 = 2.45 GeV2. In
order to fix the x-dependence of Hπ

1 we fit the collinear limit
Fπ
1 (x,0,0) to the valence quark distribution in a pion. A parame-

terization for Fπ
1 (x) was given by GRV in Ref. [91] at a scale µ2 =

2 GeV2. Reasonable agreements of the form factor- and collinear
limit of Eq. (38) with the data fits are found for the parameters
mq = 0.834 GeV, ms = 0.632 GeV, Λ = 0.067 GeV, λ = 0.448 GeV,
n = 0.971, gπ = 3.604. Details of the fitting procedure for this and
an analogous calculation for the Sivers function will be presented
in a future publication [80].

With the predicted GPD Hπ
1 and the lensing function

I i(x, $bT ) ≡ biT /|bT |I(x, |bT |) as input we use (5) to give a pre-
diction for the valence contribution to the first kT -moment of the
pion Boer–Mulders function,

m2
πh

⊥(1)
1 (x) = 2π

∞∫

0

dbT b2T I(x,bT )
∂

∂b2T
Hπ

1
(
x,b2T

)
. (39)

Numerical results for m2
πh

⊥(1)
1 (x) are presented in Fig. 3 for a

U (1), SU(2) and SU(3) gauge theory. One observes that all re-
sults are negative which reflects the sign of the lensing function. It
was argued in Ref. [66] that a negative sign of the lensing func-
tions indicates attractive FSIs. We find that this is valid in an
Abelian perturbative model as well as our non-perturbative model

Gamberg, Schlegel
PLB685 (2010)

Beyond one-gluon exchange approx.

TMD-GPD relation + lensing function from eikonal methods

k⊥ [GeV]

mπ ↔ Mp

         pion BM
                =
         proton BM 

eikonal method

(*)
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Blue curves: qT is integrated from 1 GeV to 2 GeV, increase the
asymmetries.
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Fig. 1. The sin(φ + φS ) asymmetries for π±p↑ → µ+µ−X process at COMPASS. Solid and dashed curves are the results for π− and π+ productions, respectively.

Fig. 2. Similar to Fig. 1, but for the sin(3φ − φS ) asymmetries. The thin curves are calculated with a cut 1.0 ! qT ! 2.0 GeV.

a number of processes [37] and transversity distributions related
to the Collins asymmetry at HERMES [38]. This model is also suc-
cessful in the prediction of the dihadron production asymmetry
at COMPASS [39,40]. So it is worth trying to apply this model
to the Drell–Yan kinematics at COMPASS. Besides this, we need
the Boer–Mulders function for a pion [41,42], of which the knowl-
edge is limited, and we will use the parametrization in Ref. [41],
which was obtained in a quark spectator antiquark model. The
pion parton distributions we adopt were demonstrated [41] to give
a good description on the cos2φ asymmetries measured in the un-
polarized πN Drell–Yan process [43], where a large and increasing
asymmetry was observed in the qT region below 3 GeV, thus our
model has been checked to be reasonable in this region. Another
important feature we should remember is that this T -odd function
has a different sign in the Drell–Yan process with that in the SIDIS
process [18,20,44],

h⊥
1 |DY = −h⊥

1 |SIDIS. (9)

In Ref. [41], the Boer–Mulders function is calculated for the SIDIS
process, so we will make a sign change for our parametrization in
our Letter. However, we should be careful that due to the chiral-
odd nature of Boer–Mulders function, it always couples with an-
other chiral-odd function for being probed. This makes it very dif-
ficult to obtain the information of this function, especially its sign.
In the unpolarized Drell–Yan process, the Boer–Mulders function
couples with itself, therefore it is impossible to determine its sign.
In the SIDIS process, the Boer–Mulders function is combined with
the Collins function, the extraction [45] of which also relies on the
azimuthal asymmetry of hadron production in e+e− annihilation

process. Also we will stress that unlike many other calculations,
we do not make the ansatz that the transverse momentum depen-
dence of the TMDs has a pure Gaussian form, but just deduce it
from the model. That is, we evaluate the integration over the par-
ton transverse momenta numerically. The experiment we consider
is for COMPASS, where the kinematics we will use are [46]

√
s = 18.9 GeV, 0.1 < x1 < 1, 0.05 < x2 < 0.5,

4 ! M ! 8.5 GeV, 0 ! qT ! 4 GeV (if qT is integrated).

We will investigate the xF ,M and qT dependence of the asym-
metries. The integration range can be determined as follows.

• For the xF /M dependence, given a fixed xF /M , the range for
M/xF is determined by Eq. (4) so that xmin

1,2 < x1,2(xF ,M) <

xmax
1,2 .

• For the qT dependence, the range for M is 4 ! M ! 8.5 GeV,
and the range for xF is determined by Eq. (4) so that xmin

1,2 <

x1,2(xF ,M) < xmax
1,2 .

In Figs. 1 and 2 (thick curves), we plot the sin(φ + φS ) asymmetry
and the sin(3φ − φS ) asymmetry in the π p↑ Drell–Yan at COM-
PASS, respectively. We can clearly see from the two figures that the
asymmetries for the π−p↑ process are much larger than those for
the π+p↑ process, because that the former process is dominated
by u quark while the latter is dominated by d quark. COMPASS will
conduct a π−p↑ plan in the near future, however, we will also give
the prediction on the π+p↑ process as a supplement, and expect

Predictions from other models
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Fig. 1. The sin(φ + φS ) asymmetries for π±p↑ → µ+µ−X process at COMPASS. Solid and dashed curves are the results for π− and π+ productions, respectively.

Fig. 2. Similar to Fig. 1, but for the sin(3φ − φS ) asymmetries. The thin curves are calculated with a cut 1.0 ! qT ! 2.0 GeV.

a number of processes [37] and transversity distributions related
to the Collins asymmetry at HERMES [38]. This model is also suc-
cessful in the prediction of the dihadron production asymmetry
at COMPASS [39,40]. So it is worth trying to apply this model
to the Drell–Yan kinematics at COMPASS. Besides this, we need
the Boer–Mulders function for a pion [41,42], of which the knowl-
edge is limited, and we will use the parametrization in Ref. [41],
which was obtained in a quark spectator antiquark model. The
pion parton distributions we adopt were demonstrated [41] to give
a good description on the cos2φ asymmetries measured in the un-
polarized πN Drell–Yan process [43], where a large and increasing
asymmetry was observed in the qT region below 3 GeV, thus our
model has been checked to be reasonable in this region. Another
important feature we should remember is that this T -odd function
has a different sign in the Drell–Yan process with that in the SIDIS
process [18,20,44],

h⊥
1 |DY = −h⊥

1 |SIDIS. (9)

In Ref. [41], the Boer–Mulders function is calculated for the SIDIS
process, so we will make a sign change for our parametrization in
our Letter. However, we should be careful that due to the chiral-
odd nature of Boer–Mulders function, it always couples with an-
other chiral-odd function for being probed. This makes it very dif-
ficult to obtain the information of this function, especially its sign.
In the unpolarized Drell–Yan process, the Boer–Mulders function
couples with itself, therefore it is impossible to determine its sign.
In the SIDIS process, the Boer–Mulders function is combined with
the Collins function, the extraction [45] of which also relies on the
azimuthal asymmetry of hadron production in e+e− annihilation

process. Also we will stress that unlike many other calculations,
we do not make the ansatz that the transverse momentum depen-
dence of the TMDs has a pure Gaussian form, but just deduce it
from the model. That is, we evaluate the integration over the par-
ton transverse momenta numerically. The experiment we consider
is for COMPASS, where the kinematics we will use are [46]

√
s = 18.9 GeV, 0.1 < x1 < 1, 0.05 < x2 < 0.5,

4 ! M ! 8.5 GeV, 0 ! qT ! 4 GeV (if qT is integrated).

We will investigate the xF ,M and qT dependence of the asym-
metries. The integration range can be determined as follows.

• For the xF /M dependence, given a fixed xF /M , the range for
M/xF is determined by Eq. (4) so that xmin

1,2 < x1,2(xF ,M) <

xmax
1,2 .

• For the qT dependence, the range for M is 4 ! M ! 8.5 GeV,
and the range for xF is determined by Eq. (4) so that xmin

1,2 <

x1,2(xF ,M) < xmax
1,2 .

In Figs. 1 and 2 (thick curves), we plot the sin(φ + φS ) asymmetry
and the sin(3φ − φS ) asymmetry in the π p↑ Drell–Yan at COM-
PASS, respectively. We can clearly see from the two figures that the
asymmetries for the π−p↑ process are much larger than those for
the π+p↑ process, because that the former process is dominated
by u quark while the latter is dominated by d quark. COMPASS will
conduct a π−p↑ plan in the near future, however, we will also give
the prediction on the π+p↑ process as a supplement, and expect
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angular dependence of DY at O(1/Q) (Arnold, Metz, Schlegel 09, ZL, Schmidt
11):
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TMD correlator at twist-3 (Goeke et.al, 05; Bacchetta et.al, 06):
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hL, hT , h⊥
T , and h might be probed in Drell-Yan process
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un/single-polarized structure functions at twist-3
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ĥTh⊥
1

M2
+

ĥ⊥
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ĥ h⊥

1

)]

F sinφ
LU =

2

Q
C
[
(h · k1T )

(
f̂⊥
L f1 +

M2

M1
h⊥
1L ĥ
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Tuesday, 22 May 2012

but warning on mismatch
and WW approx.

Ex:

see Bacchetta’s talk



The TMDs-ology for gluons
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Gluon TMDs

Γij(x,�kT ) =
1

xP+

�
dz− d2zT

(2π)3
eik·z�P, S|F+i(0)W[0 ; z]F+j(z) |P, S�

���
z+=0

! gluonic correspondence to “Boer-Mulders”: 
T-even

! unpolarized gluons in transversely pol. 
proton: gluon Sivers function

! gluonic transversity / pretzelosity / 
wormgears: T-odd

! no chirality
! two collinear PDFs

flip flip

U

L

T

fg
1

g⊥g
1T

g⊥g
1L

h⊥g
1

Γ[T−odd](x,�kT )Γ[T−even](x,�kT )

h⊥g
1Thg

1

h⊥g
1L

f⊥g
1T

[Mulders, Rodriues, PRD 63,094021]

Thursday, May 24, 2012

Gluon TMDs

Γij(x,�kT ) =
1

xP+

�
dz− d2zT

(2π)3
eik·z�P, S|F+i(0)W[0 ; z]F+j(z) |P, S�

���
z+=0

! gluonic correspondence to “Boer-Mulders”: 
T-even

! unpolarized gluons in transversely pol. 
proton: gluon Sivers function

! gluonic transversity / pretzelosity / 
wormgears: T-odd

! no chirality
! two collinear PDFs

flip flip

U

L

T

fg
1

g⊥g
1T

g⊥g
1L

h⊥g
1

Γ[T−odd](x,�kT )Γ[T−even](x,�kT )

h⊥g
1Thg

1

h⊥g
1L

f⊥g
1T

[Mulders, Rodriues, PRD 63,094021]

Thursday, May 24, 2012
from Schlegel’s talk



TMD →  matching ← CSS resummation
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Unpolarized  pp!!!X  Cross-Section at qT << Q 

quark contributions ! almost identical to DY

! non-trivial functions of cos(!) and sin(!) (Logarithms from quark loop)Fi(θ)

gluon contributions ! absent in DY

Thursday, May 24, 2012

from Schlegel’s talk
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gluon contributions ! absent in DY

Thursday, May 24, 2012

Diphotons in collinear 
Factorization

[Nadolsky, Balazs, Berger, Yuan; Catani, Grazzini, de Florian]

Procedure for CSS-resummation:
1) Calculate complete NLO contribution for all qT

2) 1/qT - expansion for qT << Q
dσ

dy dQ2 d2qT dΩ
= δ(2)(�qT ) Cδ(y,Q2,Ω) +

�
ln(Q2/q2

T )
q2
T

�

+

C1(y, Q2,Ω) +
�

1
q2
T

�

+

C2(y, Q2,Ω) + ... = W + Y

3) Fourier transform into bT-space

4) Exponentiate singular logs - resummation SSud(Q, bT ) =
� Q2

1/b2T

dµ2

µ2

�
A ln(Q2/µ2) + B

�

! Structure similar to TMD result! ! Matching of coll. and TMD formalism

5) Result W̃ (y, Q, bT ,Ω) = eSSud(Q,bT )
�
F1(Ω)(Cq ⊗ q)2 + F3(Ω)((Cq ⊗ q)(C̃q ⊗ q) +

(C̃q ⊗ q)(Cq ⊗ q)) + (F2(Ω) + F4(Ω))(C̃q ⊗ q)2
�
)(xa, xb, 1/bT )

Thursday, May 24, 2012

same structure as in CSS resummation in collinear factorization 

feasible  at RHIC  √s=500

from Schlegel’s talk



using gluon TMD to guess Higgs parity
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Linearly polarized gluons and Higgs production
[Boer, den Dunnen, Pisano, M.S., Vogelsang, PRL 108, 032002 (2012)]

Can gluonic TMDs be useful for the LHC?

linearly polarized gluons sensitive to Higgs parity

[fg
1 ⊗ fg

1 ]± [h⊥g
1 ⊗ h⊥g

1 ]
+: scalar Higgs    -: pseudoscalar Higgs

±1

±1 ∓1

∓1

h⊥ g
1

h⊥ g
1

±1

±1 ±1

fg
1

±1

fg
1

pure Higgs production via top-quark loop

! precise qT measurement may offer 
a way to determine Higgs parity

qT-behaviour: R =
[h⊥g

1 ⊗ h⊥g
1 ]

[fg
1 ⊗ fg

1 ]

Once a scalar particle (Higgs!?) is found........ want to determine its parity.

Numerical estimate:
Gaussian ansatz + 

saturation
<pT2> = 7 GeV2 
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from Schlegel’s talk

again matches CSS resummed structure



85

not a summary of the summary...   just recommend first of all 
unpol. DY at several x,Q2,s  with different probes/targets

goal: constrain unpol. TMD as much as possible
then go to polarized case



Drell-Yan is important for several good reasons

86

that’s why we very welcome the first DY measurement 
after 15 years  (E906, see Nakahara’s talk)

 

and we’re looking forward for upcoming COMPASS data
 

(and we are sad for ANDY calcellation)

not a summary of the summary...   just recommend first of all 
unpol. DY at several x,Q2,s  with different probes/targets

goal: constrain unpol. TMD as much as possible
then go to polarized case


